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FACTORING WEAKLY COIVIFACT OPERATORS

by CONSTANTIN NICULESCU

,, :'.

The ailr oi ihis note is to rliscuss the structure of rveakly cornpact operatois.
We exLencl rcsulls well knor*.n for Banach spaces to operaiors acllng on 'Banaeh

sp a c L's.

Lct ,E ancl F bc trlo Banach spaces and let T e L(E, F). Consider tire follo-
lving trvo conditions ou ? ;

(1'P) 7' is rr-eakl;, plcccmpact, i.e. T naps br.runclecl scqucnccs inio sequenccs
rviih rveali Cauchy subseqtlences ;

(D) ?-.maps weak Caucli-v scciuences into rveakJy con)'ergent sequencL-s.

Each s.eakiy compact operalcr verifies (n'P) and: (D) and the p'loduct of 'an ope-

rator having pioperty (D) ivith an weakly precompact operaior is rnteakly compacb.

N{oreover-.-the main lesuit in [1] asserr,s that indeed eaclt weakly compactoperator
can be obtained in such a wCy, so the interest in studying thc two above classes

(actually ideals in tire sense of Pietsch) of operators.' H. F. Rosenthal [11] has obtained a nice characterization of $eakly precom'
pacL operators in terms of irasic seqrtences:

,i

l. Theorem. An operalor T e LiE,F) is weakiy precompact if and onlg if T
rlocs ttot fin a copg of h.

? is said to fix a copy of the Banach space X provitied that fr isi an
'lvhen restricted to sc'rne subspace cf .E, isomorpiric to Xr

Olher characlerizations can be obLained by easy rnodifications of some
due to Pelczynski [8] rv]ro considcred only, t.hc case \Yhen T is the identity,
parable Banacir space. t, .' i, : '-:' I ;' ,

2i:,-Tireorem. Let E be,,,a'separable Banueh space' F a Bano.ch spo'ce'-cnd ?e
e L(8, I"). T'hcn tlrc following nsserlioru are equiualent:

| 'i' lires u caPg of h i 1

ii) 'f' fircs a copg o/ C[0, l]' ; '.

iii) T' fires a copll of tL(l) for same uncountablesel l.

The proof of i) =+ ii) foiiurvs flom [Ei, rvhiie iii) + i) ca1 be adapledlrom[13].
H. P. Rosenthal [til] tras obiained an inferesting dictrotomy' foi pupspaces A

of a space Lr(ir), relaleci, to condition iii) in 'f heorern 2 above : eilher there exisis
an f e Lr(p) iuch l.hat *l C Xr(I), rvhele d^ :,FF, or,zl;coniains a,subspacc:cort-
pieinented'in lr(pr) anci isorntirphic io l,(l-) l-or, some uncountable set '1. Tiris'r'esulc
has 4lso an operQtol'lal compauion. :
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3. Theorem . Let E be a Banach lattice witlt a weak oriler unit u>0. F a .Aono\
space and. 't' e L(E, tr'), Then \

i) either T' fir a copg of lr(t) for some uncountable set I ; or \
i) rhe imase of t" ii ciniain;ii in the bsni lu;i i;;;;atri tls a suitabte u' = E'. \
T'he two possibilities listed aboue arc disjoint if E' is in addition weakly sequentiallg \

complete.
See- also _[6] for a more precise result.

Proof. Suppose that ii) fails. Then there are a uncountable family of pairrvise dis.
joint elements u{ e.E' and a family y{' s,.F', y €tl, such that

pr(T,a,r) + o.

Here P, denotes the canonical projection of E' onto [,u{]. Clearly, we may assume
that ll yi li : ll ui ll : 1 and (by passing to a uncountdble subset of f if neces-
sary) that

lp"(T,y{)ul>8
for each y. Consider the operabor S: E' * lt(l) given by

Sc' : {Pr(a')u}r, r' e E'.
Then by Lemm'a 1.1 in [10], S;?'is an isomorphism when restrictedtosouresub-
space of F' iqomorpnic to l,(f).- 

If. E is a Banach lattice with E' weakly sequenLially complel.e [heu lhe '

spaces [u'] ar.e weakly compactly generated, while lr(f) is not if I is uncouq-
table. I

If E is a separable Banach lattice with E|; weakly sequentially complete then
the subspaces of E' contained in strbspgcas [u'] are precisely tbe separable ones.
This fact cbmbined with the main result of [5] and,Theerems 2 and 3 above pr,o-
vides new characterizations of weakly precompact operators:

4. Theorem, Let E be a selarable Banach lattice with E' we'aklg sequentiallg com-
plete, F a Banachspace and \eL(E,F). Then the following asserlions are equiualent

ii) T does not fin a copq of C[P, 1] ;
iii) Im T' is separable. !

., .As.a porollary we ieobtain Lotz's c[aracterization of dual Baqaoh lattieeS
having the R4don-Nikodym property : : i

:'5. Corollary; The following cssprlions,are equiualent for E a separuble Banach
laltice : .!

i) E d.oes not contain a copg of h; ,' !

- ii) E does not contain a complemented copg of C[0, 1]; ,

iii) .E does not contain a copy of C[0, 1].; ', , ', i ;

iv) E does not contain d copy of Lr[0, 1] ;

.vi)tr,iswLaklg'compactlg'.gen9rat'9d.'.:

The restrictions oh E in Thearem 4 above cannot be dropped withsut addiiional,
hypotheses on ?. Here are,two.counterexamples.

The first one concerns the separability of E: 'Consider for'f'thc identity'of
e(l) vhcre I is a uqcountable set. Then E is uonsepqlgble (but has a strong o-rder
unii), E' is weakly sequentially eomplete, ? is wealily precompact and Im T', is
nonseparable. :



' The second counterexample concerns the restrictions .on .E'. R. c. James has
conStructed in [3] an exattrple of a separable Banach space JT with nonseparable
dual and such that each irfiuit,c dimensional subspace of JT contains a copy of 1...
Let r: l, + JT an onto mapping. Then zc is weakly precompact, defined on a
separable Banach latiice and Im zr' is nonseparable.

There is yet anothet' characterization of weakly precompact operators due to
Odell, important in producing compacI operators. An operator from a I3anach space
to anothcr is callctl a Dunford-Pellis (D. P.) operulor provided it maps weak Cauchy
seqtlenccs into norm couvergcnt sequcnces. Odell's charactelization asserts.that an
operator 1' e L(E,1") is rvcakly piocompact iff for each D.P. operabor S = L(F, G), ,

the composition Sol is cornpact. See [12] for details.
':

The condibion (D) rvas first considered by Glothendieck [2] rvho obtained con-
ditions under which an operator verifying (D) is weakly compact.

If an operator T:has properly (D) then T does not fix a copy of eo and verifies
also the Pelczyrsl;i's propertg (u), i.e. for each weak Cauchy sequence (x*)* C E
there is a rveakly summable sequence (y*)*C hn ?' such that

'f'ro - i uo tn ,0.It:1
' The later tl'o c.ondilions are inclepenclent; Consider for example the itlentity

of co and thc identil.y of the .)atncs'spacc J (which fails (u)). Florvever, under addi-.
tional hypotheses the fact. that 7' clocs not fix a copy of s, implies thaL ? has
property (D).

6. Thcorem. Let r e L(8, k') an operator which does not fir a copg of e.s. Then T
has lhe property (D) in each of' lhe following coses j ,

i) E is isomorphic lo un AM-space ;
ii) F does not contain a copg ol es and 7' has properfy (u);

iii) E is isomorphic to a Bunach luttice with an ortler continuous norm.

The follbwin! question is open : Let E be a Banach lattice and ? e L(E, .E)
an operator wich does not fix a copy of a6 or h. Is Tz weakly compae b ?

Here is an example which shows that T need,not be weakly compact. Let

o : l, -e given by o((a,,),) :(-!r*o),,. ttr*n T : og 0 :lr (E a * e @ I,is not

$eakly compact and ?2 :0. ;'

The property (D) was'studied in [7] in connection with the following two classes
of operators ? defined on Banach,lattices E and taking values in arrbitrary Banach
spaccs F:

? is said to be of type A provided that '/ is order o-continuous, i.e.
' .0 < co I in B implies (Tto)n is norm qonvergent .in F. I

? is said to be oI tgpe B provided that
0 ( cot, llr, ll < KinE implies (Tr)*isnolmcouvei'iientinF. '

Property (D) implies type B s'hich in tum implies type A. IL' was noted that
property (D) (called there strong type B) is equivalent to the fact that T" maps
the band B (gencrated by .1,'in E") into .{r.

In the sequel we shall study the'duality belween (wP) and type A.

7. Theorem. Let E be a:6-complete Bunach lattice with a weak order unit u> 0,
F a Banach space and T e L(E, F).

_ , l'hgn T is of type A iff T can be factored tlvough a weaklg compactlg generated
Banach space.



Prtlof. Srippos'e thal ?'is of i5,pc ,\' Thtt1, as notcd in [7]' I l""t':-:"-ch order

in'ucr\alinlo,arelativelywcaklycompaqlsubsetoi1"oandthusf :Siian I[-u,ry]
ig a rvcalily ,compact.try geucrabecl subspace of F. On t]rc otfcr hatrcl .u : sup(r /1 ltru)

antl '/'(r I nu) - Tr for each r- e Ei.'Cottscquenlly X I 7'(li)'
Cdnversely, if ? can bc factored thrlaugh a rvcalti.v cornpactlSt genclateel sliacc

thcn ? does notfix a copl'of l*. Incleed, l- is nrit l'etrkly coinpactly generhtecl atld'

any complemented subspace of a x'eakly compactly generatetl Barrach space-so is

yeakly compactly geuerated. coirsequeul.ly (see [7i, Lernrna 3.1)7'is of t1'pe A. g
The r-esult of Theorem U lails if rve drop the assurnpiion ou l.hc cxistctlce tll

a rveak order unit. See the case lvhcn T : llr(f) l<-rr I a unccttnLable sct.

Amir- and Lindenstrauss have proved (see [1] for details) that Lhc,ttttit'ball of,'

the dual of a weakly compactly generated Bartach space is tv'-setlLtentially compact.

Consequently :

B. Corollary, Let E be a o-contplete Banaclt IaIIice with u weak order unil u 2 0,

h- a Banach space antl 'I' e L(8, F).
Tircn T is of tgpe A iff T' maps bowttled.scqueytces inlo seque nces witlt w'-conuct'genl

subsequences

Tire next result extends a s'cll kuot'u fact due to Pelczynski'

g. tsroposit ian. Let E arul r; be lwo llaneclt spaccs atul T e L(E,IjS. 'rhen ttrc.

loltowing assellions are equiualent : 'r i

i) '1" fircs a copA of eo i
ii) T' fires u coPA of l-;

iii) There is,a contplemented subspuce X of E, isomorphic lo l,r, srrCft lftal f'1,,\ is

an isomorphism and 'l:(X) ir complentented in 1".
,ji,:i

Proof . Clearly, we have only to shorv Lhal. i) + iii). F'or, leL (V'r), t e a basic se-

quence in F' rvhich is equivalent to the natural ilasis o[ e6 oud le I i le thc canottieal

inclusion of Y : Sffi(yi)" into F'. It.'1" oi is an isoilqlphism lhqn i.'oI," l/i r-cri-,.

fies the assumptiotrs of Lgmma 1.1,in [10],'wlrich yiells thc required X. I . ', r

We comes irorv to the duality between (lvP) and l"ype A'

10. Theorem, Let E and' tr: be lwo l3a:nuch lattices anrl'I e L(E,I")"' ;

i) lf F, has a weak ortler unit th:en'I'is weaklg precompact iff T' is of iype A.

ii) I/,e' is o-cotnplete anil F' has a' weak ortler w.jt lfien'I"ts weal;:ly' precompact

ilf 7' and T' are of tYPe A-

'proof. i) If T is lcakly precompact then b5- PloposiLion E abovc I' fixr no copy

of l-, whicir implies (see Lenma 3.1 in [7]) thaL 7" is of .type A' . 'r:' ,:' 1

If ?'is of type A then by coroliary 7 allove 7"' I E maps bqundcd sequences into

sequences rvit.h iv'-convefgent sttbseqtrencu. in 7r",.i.e. into n'eak CauchV'-s,eluences

in F.'" 
Iti' If E is o,iomplete and r is rveakly preco'rpact then ? fix 'no copy 9f l-

(infact, t-) Ir)rvhich implies (see Lernma 3.1 in [7]) that ?'is of t.vpc A; l'
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